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Dispersion in Developing Velocity Fields 
WILLIAM N. GILL, V. ANANTHAKRISHNAN, and RICHARD J. NUNGE 

Clorkson College of Technology, Potsdom, N e w  York  

Convective diffusion in laminar flows which develop from rest and in the velocity entrance 
region of tubes, is studied. Criteria for the validity of the simple dispersion model are estab- 
lished by comparison of analytical results with numerical experiments. 

It is found that the extent of dispersion is less in developing velocity fields than in those 
which are fully developed. This occurs because dispersion is enhanced by differences in the 
velocity of the fluid particles on a plane perpendicular to the main direction of flow. Such dif- 
ferences are greatest when the flow is fully developed. 

Previous work on dispersion in well defined systems has 
been concerned exclusively with fully developed flows 
which are independent of the axial coordinate (1 to 3, 5, 7 
to 11, 13). This is so, even though the velocity entrance 
region is of considerable practical importance (12) ,  pri- 
marily because of the apparent mathematical difficulty in- 
volved in analyzing such systems. 

Another effect which may well influence dispersion ex- 
periments is the development of the velocity field from 
rest. I t  is easy to see that this is the case in the most easily 
conceived dispersion experiments with slug stimuli. Prob- 
ably, the simplest possible way to introduce a slug of fluid 
into a stream in a well defined manner is to start the sys- 
tem from rest with the slug initially separated from the 
main bod of fluid by partitions on both sides. Indeed it 
is quite Jfficult to introduce a well defined slug into a 
steadily flowing stream without disturbing the flow and 
distorting the slug. Consequently, it seems desirable to 
analyze carefully dispersion in flows which start from rest 
so that the results of such experiments may be interpreted 
in a completely rational manner. Here, the results of a 
recent study of dispersion in time variable flow (8) are 
generalized somewhat to provide the basis for performing 
such an analysis. 

It will be shown that the dispersion coefficient is time 
dependent for time dependent flows and is given explicitly 
by Equation (22) when the flow develops from rest. Once 
the dispersion coefficient is known it enables one to predict 
the average concentration distribution in higher dimen- 
sional systems in terms of well known solutions to the one 
dimensional Equation (9) .  In so doing, the dispersion 
model markedly simplifies the theory of convective diffu- 
sion. 

The purposes of our work in the present article are: 
1. to examine analytically the dispersion model for 

velocity fields in which the components depend on the 
axial coordinate which is parallel to the main direction of 
flow as is the case in the velocity entrance region of a tube. 

2. to establish approximate limits for the validity of 
the analytical theory by comparing the results with nu- 
merical experiments carried out as finite difference solu- 
tions of the convective diffusion equation for the important 
case of flow in the velocity entrance region of a tube. 

3. to examine the effects on dispersion of having the 
velocity field develo from rest. For this type of time de- 

applicability of the analytical dispersion theory. This will 
pendent flow we s fl all determine approximate limits of 

be done also by cornparing the analytical theory with 
finite difference calculations. 

ANALYSIS  

Consider the velocity field to be prescribed so that u = 
u (t,  x, r )  and u = u( t, xy r )  are known, continuous func- 
tions of time and the spatial coordinates. Consequently the 
convective diffusion equation in cylindrical coordinates is 
aC ac ac - at + ~ ( t ,  x, r )  - ax + ~ ( t ,  X,  T )  - ar 

ac ac a l a  - - - - r  D , ( t , r ) - + - D z ( t , r ) -  (1) 
T ar ar ax ax 

Note that we have taken account of turbulence in a phe- 
nomenological way by allowing for eddy diffusion in 
D, (t,  r )  and D, ( t ,  r )  ,, 

In dimensionless form Equation (1)  is 

and we shall restrict our attention to boundary conditions 
of the kind 

(3) 

The solution of Equation ( 2 )  is now formulated as a 
series expansion in akBm/aX1k where X 1  is defined by 

x1 := x-  f U(T)dT 

and 
1 

u(T) = 2 YUldy (4)  
Then Equation (2) bc =comes - 

ae ae ae 1 a a9 
-4- ( U l - U ) - $ - N p e  ~ 1 - = - - -  -y D1- aT ,axl a Y  Y aY aY 

1 a ae 
~~~2 ax1 axl +--Dz- ( 5 )  
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If one equates each coefficient of akB,/aX1k to zero the 
following system of equations is generated, 

Superficially, Equations (11) appear to be even more 
difficult to deal with than Equation ( 5 ) .  However, there 

is one fundamental difference between Equations (5) and 
(11) which makes the latter much easier to solve; this is 
that Equations (11) are inhomogeneous and therefore 
they have nontrivial solutions which are independent of 7 
if (u l  - U )  is independent of r. For time dependent flows 
one can render u1 - U independent of r, for the purpose 
of finding a solution, by using the Duhamel theorem (9) 
as is done below. 

The determination of the dispersion coefficient is of cen- 
tral importance in the present analysis. For the purpose of 
finding the proper expression for K ,  let us assume for the 
moment that f l  (T ,  X, y) is known, and then it is necessary 
to consider the solution of Equation ( l l b )  for f2. Thus, 
we return to (7,  X, y )  coordinates and let F satisfy 

- CUl(h, x, y) - U(A)l f l (&  x, y)  - K ( A )  (12) 
where A is a constant parameter, and the Duhamel theorem 
enables one to relate f 2  and F by 

It is convenient to define another function, G, such that 

The difficulty involved in determining K is closely related 
to the behavior of v1. For systems where v is independent 
of X as X + co, the difficulty is markedly reduced be- 
cause the solution for G can be generated by superposition 
in the form 

G = G l ( h  Q, y) + G2(T, x, y) 
and K is an eigenvalue which is determined such that 

If we consider forced flows between impermeable, rigid, 
parallel boundaries, then as X + ca, U(T,  X, y)  + u(r, y)  
and 01 ( r ,  X, y) + 0. In this event, a solution of Equation 
(14) exists which is valid for large X, and which satisfies 

dCl/dy (A,  u, I) = 0. 

and 

(1) = o  dG, (0) =- 
dG, 
dY dY 
- 

if, and only if, 

This is obviously a contradiction since it implies a func- 
tion of T is equal to a function of r and X. It is worth- 
while to discuss the reasons for this contradiction. First, 
note that Equation (9) implies K is a function of T only. 
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Second, the X dependence of f l  is required only because 
the velocity field depends on X .  However, if we restrict 
attention to regions where u1 and u l  do not depend on X ,  
then it is not necessary for f l  to depend on X and no 
contradiction arises. If on the other hand we allow K to 
depend on both T and X to avoid this contradiction, then, 
the problem of finding the f k  functions is complicated 
enormously because they cannot be solved for independ- 
ently as all the differential equations for the f k  become 
coupied. One can easily show that allowing K to depend 
on X leads to an infinite system of equations for the f k  

which are coupled and each of these equations contain 
anK/aXn,  n = 0, 1,. . . . , 00. Thus, it is clear that the 
dispersion model does not apply, in a predictable way at 
least, to 00ws in which u1 and v1 depend on X in an arbi- 
trary way. It will be seen later, when examining steady 
flows in the velocity entrance region of circular tubes, 
that the dispersion model applies only when the entrance 
region constitutes a fairly small fraction of the total sys- 
tem under consideration so that the velocity field is inde- 
pendent of X in most of the region of interest. 

dependent flows that 
develop from rest in tubes, the velocity distribution is 
well known ( 4 )  and is given by 

When one is dealing with time 

1 
2 

2 ( 1 ( T , y ) - u ( T )  =---tj2 

where u n  are the roots of 

1 0 ( a n )  = 0 (20) 
In this case one can easily show, by solving Equation 
( l l a )  with the aid of the Duhamel theorem, that f1 is 
given by 

Consequently, from Equation (18) 

+ 256 2 
s=1 as' n=l  a,2- 7 2  

-aq2Nscr -yn2T 

(22) 

I 1 ( y n >  = 0 (23) 

e - e  

q = l  aq2(aq2- yn2)  ( a q 2 N s c - ~ n 2 )  

with yn defined by 

For the case of a slug of dimensionless initial length X, 
dispersing in the velocity field given by Equation (19), 
one has as a solution to Equation (8) : 

where 

Equations (22) to (25') apply for all values of the Peclet 
number since axial molecular diffusion has been included 
in the analysis. If the Aow is steady, Equation (22) re- 
duces to 

1 1 
Npe2 192 

Kss .  = - + - 
RESULTS AND DISCUSSION 
Velocity Entronce Region of a Tube 

The velocity distribution results of Christiansen and 
Lemmon (6) were used in the finite difference solution 
for the constant physical property, steady state flow in 
the entrance region of a tube. In this case, the dispersion 
system depends on both the Reynolds number and the 
Schmidt number rather than just their product, the Peclet 
number, as it does in fully developed laminar systems. 
Consequently it is convenient to consider high and low 
Schmidt number systems separately. All calculations for 
the velocity entrance region were made for a step change 
in concentration at X = 0. 
H i g h  Schmi& Number  Region 

For liquid systems, such as salt water where Nsc is on 
the order of 550, and for laminar flows with N R e  = 2,000, 
it was found that the deveIoping velocity profiIe has 
negligible effects on dispersion as can be seen from Fig- 
ure 1. From Figure 1 it is clear that even for very low 
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for srnoll t. Cornporison of finite difference solution of Equation (1) 
for Poiseuille flow with tube entrance region flow, Nsc = 550 ond 

t = 0.020. 
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dimensionless times, T = 0.020, the two solutions, one 
with parabolic velocity profile and the other with the 
developing velocity profile, are the same. It is at these 
small times that one expects the effect of developing 
velocity profile to be the greatest and thus it follows that 
for all higher times the solutions will be identical, as was 
also verified. 

This result is reasonable because at a Peclet number of 
1.10 x 106, the velocity entrance region is relatively short 
and it comprises only a small fraction of the total length 
of the tube section in which dispersion is occurring. Thus 
the effect of the developing velocity profile is essentially 
negligible in all regions of practical interest. For example, 
it is known (6) that the entrance length for velocity is 
given as xentranCe/R N R e  N 0.12. Consider then the case 
of very small dimensionless times, or T values such as 
I = 0.020 when the dispersion takes place mainly by con- 
vection. In this case, for a very small dimensionless axial 
distance, say X = x / R  N p e  = 0.002, we find x / R  = 2,200 
while the velocity entrance length extends only up to 

Fig. 2. Dispersion in tube entrance region fully developed and plug 
flows for small t. Comparison of finite difference results for tube 
entrance region with the plug flow solution, for NP, = 250, Nsc = 

0.25 and t = 0.012. 
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Fig. 4. Finite difference solutions of Equation ( I )  with fully devel- 
oped and tube entrance region flows for t = 0.505. Curve 1: fully 
developed parabolic velocity profile, N p e  = 50; Curve II: entrance 
region developing velocity profile, N p e  = 250, Nsc = 0.25; Curve 
111: denotes solution with developing velocity profile for N P e  = 
50, Nsc = 0.025; Circles, 0, denotes solution with developing veloc- 

ity profile for Npe = 100, Nsc  = 0.05. 

x / R  = 240. Hence, even the point X = 0.002 is too far 
away from the entrance region to be affected by the de- 
veloping velocity profile. 
Low Schmidt Number Region 

In case of gaseous dispersion, where the Schmidt num- 
ber is of the order 0.25 to 1.0 and for Reynolds number 
of say 1,000, it was found that the developing velocity 
profile makes a significant difference in the solution of 
the convective diffusion equation. For a small value of 
time of T = 0.012, Figure 2 shows a comparison of the 
solutions to the convective diffusion equation for N p e  = 
250 and Nsc = 0.25 which were obtained by using para- 
bolic, developing and uniform velocity profiles. It can be 
seen from the figure that the solution for the developing 
velocity profile is between the uniform and fully developed 
ones and that there is a significant effect of the develop- 
ing velocity profile on the dispersion. 

The reason for this is that in the case of low Schmidt 
number, the region of practical interest in which the dis- 
persion takes place may be well within the velocity en- 
trance region. For example, in the above case where 
N p e  = 250 and T = 0.012, for axial distances of X/T = 
1.0, which is about as far as the solute penetrates, the 
value of x / R  is 3.0 while the velocity entrance region ex- 
tends up to x / R  = 120. In fact, it will take a rather long 
time, or high T value, for the velocity entrance region to 
be a negligible fraction of the region in which dispersion 
is taking place. 

As time increases the velocity field approximates the 
fully developed flow more cIosely. Consequently the aver- 
age concentration distributions become more alike as was 
seen in Figure 1. 
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As the Schmidt number decreases below 0.25, for the 
range of Reynolds numbers on the order of 2,000 or less, 
axial molecular diffusion starts to become significant. The 
effect of the axial molecular diffusion is to increase the 
overall extent of dispersion. This effect can be seen in 
Figure 3 where average concentration distribution curves 
are given for Schmidt numbers of 0.25, 0.05 and 0.025* 
at Reynolds numbers ranging from 1,000 to 2,000, and at 
a time T = 0.012. For the curves shown the ratios of the 
velocity entrance lengths, to the lengths of the dispersion 
region are about 100 or greater and therefore, in all 
cases the velocity profile is essentially flat throughout the 
entire mixing zone and the difference among these three 
curves is caused largely by axial molecular diffusion. 

From Figure 4 it can be seen that for higher values of 
T the solution for Nsc s 0.25 deviates less from the fully 
developed solution than do the solutions for Nsc = 0.05 
and 0.025. In these cases the ratio of the length of the 
velocity entrance region to the length of the dispersion 
mixing zone is on the order of 1, 5, and 10 for Nsc equal 
0.25, 0.05 and 0.025 respectively. 

Figure 4 suggests, and plots at higher values of T con- 
firm, that the solutions tend to become error functions as 
time increases but with a dispersion coefficient less than 
that which would be obtained if the flow were fully de- 
veloped. For example an expression which agrees reason- 
ably well with the developing velocity profile numerical 
solution for T = 1.345 is given by 

1 x - T / 2  
Om = - erfc 

2 1.0 

*The cases of 0.025 and 0.05 are best interpreted in terms of the 
dispersion of thermal energy rather than mass. 

where e = 122. For fully developed flow e = 48, and 
thus it can be seen that the apparent dispersion coefficient 
is substantially smaller in the case where the velocity 
profile is developing over about 40% of the mixing zone. 
As T + 00 the region of developing velocity becomes a 
negligible fraction of the total distance X reached by the 
dispersing substance, and one would expect that solutions 
would become identical in each case as occurred with 
high Peclet numbers. Thus e will clearly be a function of 
r and should tend to 48 for very large T. 

For extremely low Schmidt numbers of the order of 
Ns,  = 0.005 (these, as is the case also for Nsc = 
0.025 and 0.05, are more appropriate to thermal 
dispersion in a liquid metal flowing in an insulated pipe 
rather than mass dispersion) and for laminar flow with 
N R ~  = 1,000, the Peclet number is smaII, Npe = 5, and 
at short times dispersion takes place by pure molecular 
diffusion. Consequently, the velocity profile, whether de- 
veloping or fully developed does not play an important 
role in the overall dispersion process and the two solutions 
are identical as is seen in Figure 5. Even though disper- 
sion does not take place beyond the velocity entrance 
region up to a T on the order of 20, it was found that for 
moderately large T ,  say T = 2.2, the effect of axial molecu- 
lar diffusion still predominates and the developing veloc- 
ity profile is of little significance. This is seen in Figure 6 
where at r = 2.2, solutions for both the developing and 
parabolic velocity profile cases show good agreement with 
each other. 
Time Dependent Velocity 

It is easy to show by using Equation (19) that the 
velocity profile is very close to being fully developed when 

0.5 
Nsc 

T N -  

SOLUTION TO LAMINAR 
DISPERSION EWATDN 
Npe= 5.00 NSc= 0005 . 
T = 2 2 0  
PARABOLIC vel PROFILE 
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DIMENSIONLESS AXIAL DISTANCE X / T  - 
Fig. 6. Finite difference solutions of  Equation (1) with laminar de- 
veloping and parabolic velocity profiles for N p e  = 5.0, Nsc = 

0.005 and t = 2.20. 
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Therefore the dimensionless time required for this to 
occur is inversely proportional to Ns,  so that the effect 
of the transient part of the velocity field is greater in low 
Schmidt number systems. For this reason finite difference 
calculations were carried out for Nsc equal unity which 
would be in the range of gaseous 30ws. 

The largest differences between dispersion with steady 
state (S.S.) and time dependent velocity fields (T.D.) 
will naturally occur close to the entrance of the system 
where all significant changes in concentration happen at 
relatively small values of 7. It can be seen in Figure 7 
that the concentration distribution in the T.D. case is 
displaced to the right of the S.S. curve significantly more 
when N p ,  = 2,000 than when N p e  = 10. This occurs 
because convection is the only significant axial transport 
mechanism for high Peclet numbers whereas molecular 
diffusion is important when N p e  = 10. 

A comparison of the finite difference and dispersion 
model results given by Equation (24) is shown in Figures 
8 and 9 for X = 0.5 and 1.0. It is seen that the peak 
mean for the S.S. results occurs a t  T/2 X 4 1.0 whereas 
the peak mean of the T.D. results occurs at 7/2 X > 1.0. 
This happens because the mean residence time is greater 
in the T.D. case. It is interesting to note that the agree- 
ment between the finite difference solutions and Equation 
(24) is somewhat better at N p e  = 10 than at N p e  = 2,000. 

In an experimental investigation one would determine 
a C curve by measuring the mean concentration as a func- 
tion of time at a particular location downstream of the 
position of the slug at t = 0. If the experimental results 
are to be interpreted in terms of the dispersion model then 
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Fig. 8. Comparison of Equations (24) for unsteady and steady flow 
with finite difference solutions for unsteady flow with N p e  = 10. 
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Fig. 9. Comparison of Equations (24) for unsteady and steady flow 
with finite difference solutions for unsteady flow with N p e  = 2,000. 

it is necessary for the observation point to be sufficiently 
far downstream for Equation (24) to apply. We can esti- 
mate the distance necessary by comparing Equation (24) 
with the finite difference results. If one sets 5% as the 
maximum allowable difference between Equation (24) 
and the finite difference results as the criterion for the dis- 
persion model to apply, then it is necessary to position 
the observation point at approximately X > 0.6 for N p e  = 

2,000 and X > 0.15 for N p e  = 10. Since the results are 

independent of Peclet number when N p e  > 100, it follows 

that X > 0.6 should be satisfactory in most cases of 

practicaI interest. 
One may wish to measure the average concentration as 

a function of axial distance at various values of time. In 
this case, minimum values of T necessary for Equation 
(24) to be valid are about the same with steady or un- 
steady flow and are approximately 7 = 0.6 and 0.3 at  
N p e  = 2,000 and N p e  = 10 respectively. As mentioned 
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above, the results are independent of Peclet number when 
N p e  > 100 and therefore T = 0.6 should be satisfactory 

in practice. 
Although average concentration distributions in T.D. 

and S.S. flows differ significantly, the differences are not 
really dramatic. In contrast local distributions in these 
cases may be very striking. This is demonstrated in Figure 
10. 

Because one may determine conveniently the disper- 
sion coefficient by measuring peak mean concentrations 
it is interesting to compare the peak mean concentration 
distribution as a function of X for both Peclet numbers 
studied as shown in Figures 11 and 12. With high Peclet 
numbers, the peak mean concentrations for the T.D. case 
are higher than those for the S.S. flows; this occurs be- 
cause the dispersive effect of axial convection, which is 
the only mechanism contributing to axial dispersion, is 
less in the T.D. case. For low Peclet number flows molecu- 
lar diffusion contributes to axial dispersion and the longer 
average residence time characteristic of T.D. flows en- 
ables this mechanism to overcompensate for the decrease 
in the axial convection effect. Therefore the peak mean 
concentration is lower in low Peclet number T.D. than 
S.S. flows. 

Previously it was mentioned that it is necessary for the 
observation point to be at a sufficiently large value of X 
in order for Equation (24) to be valid, One can get a 
reasonable estimate of the maximum error involved in 
using Equation (24) by the comparison with finite 
difference results as given in Figures 11 and 12. This is 
so because the differences between the peak mean concen- 
trations given by Equation (24) and the finite difference 
results are reasonably close to the maximum differences. 
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Fig. 12. Comparison of peak mean concentration distributions for 
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Fig. 13. Ratio of dispersion coefficients, for flows starting from rest, 
K and defined by Equations (22) and (25) to the steady flow 

From Equation (22),  it is seen that the parametric 
value, kS. 

dependence of K can be denoted as 

The dependence of K on T is shown graphically in Figure 
13 in terms of K / K , , , .  and R/&.. It is seen that K/KS, .  
approaches unity rapidly but i?/I&. changes much more 

K = K ( 7 ,  Nsc, N P ~ )  

slowly. 

CONCLUDING REMARKS 

The practical effects of developing velocity profiles on 
dispersion are most pronouxlced for systems with Schmidt 
numbers on the order of unity or less. This is true both 
when the velocity entrance region comprises a significant 
fraction of the mixing zone and when the velocity field 
develops from rest. The velocity entrance region is most 
likely to be important in experiments involving a step 
change in concentration at the inlet of the system while 
the velocity field which develops from rest is likely to be 
associated with slug inputs. 

The dispersion coefficient is smaller when the velocity 
entrance constitutes a significant fraction of the mixing 
zone than when the velocity profile is fully developed 
throughout the system. When the velocity profile develops 
from rest the dispersion coefficient is also smaller than in 
the fully developed case. This occurs because it is the 
nonuniformity in the local velocity distribution across the 
flow and hence the nonuniformity in the local residence 
time distribution, which enhances the dispersion coefficient. 
In entrance region flows, or flows which develop from 
rest, axial distance in the former or time in the latter is 
required for the velocity field to achieve its maximum 
peakedness. 

The time dependent dispersion coefficient enters the 
solution of the convective diffusion equation without 
causing difficulty as a time dependent eigenvalue when 
the velocity field is a function of time. However, at least 
in the dispersion model solution developed here, a dis- 
persion coefficient which depends on axial position is in- 
admissible. 
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NOTATION 

C = local point concentration 
C R  = reference concentration: Slug concentration at 

t = 0 for slug stimulus. Concentration at X = 0 
for flow in tube velocity entrance region 
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D = molecular diffusion coefficient 
D, 
D ,  
D1 = dimensionless total radial diffusion coefficient, 

Dz = dimensionless total axial diffusion coefficient, 

f k  
F 
G 
Jo 
Jt 
K 
a 

Equation (25) 
Npe = Peclet number, U&/D 

r = radial coordinate 
R = tube radius 
t = time 
u = axial velocity 
u1 = u/u, 
U R  

= total radial diffusion coefficient, Dr = D + er 
= total axial diffusion coefficient, D, = D + ex 

D,/D 

D,/D 
= functions defined by Equations (6) and ( 11) 
= function defined by Equation (12) 
= function defined by Equation (14) 
= zero order Bessel function of first kind 
= first order Bessel function of first kind 
= dispersion coefficient defined by Equation (8) 
= time average dispersion coefficient defined by 

Nsc  = v /D 

= reference velocity, 2 U (  0 0 )  where U (  0 0 )  is the 
bulk average velocity corresponding to fully de- 
veloped laminar flow 

w = radial velocity coordinate 

x = axial distance 

x, 

y = T / R  
an  

2)1 = v/uR 

X = x / R  N p e  

Xs = x s / R N p e  
= length of slug at t = 0 

= roots of J o  (,an) = 0 

yn 
e = eddy diffusion function 
8 
8, = dimensionless average concentration 
x 

Duhamel theorem 
Y = kinematic viscosity 
T = dimensionless time, tD /R2  
u 

Duhamel theorem 

= roots of J1 ( a n )  = 0 

= dimensionless local concentration, C / C R  

= auxilliary parameter replacing 7 when applying 

= auxilliary parameter replacing X when applying 
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Stability of Numerical Integration Techniques 
G. P. DISTEFANO 

Monsanto Compan’y, St. Louis, Missouri 

This paper presenrs the cause of instabilities which arise during the numerical solution of 
ordinary differential equations. By using the numerical integration routines presently available, 
one actually approximates the differential equation by a difference equotion. I f  the difference 
equation is of a higher order than the original differential equation, the approximate solution 
contains extraneous solutions which are not a t  all related t o  the true solution. I t  i s  the be- 
havior of these extraneous solutions that one is usually concerned with in a stability onalysis. 

Also presented is a procedure for obtaining a bound on the largest allowable integration step 
size for a class of chemical engineering problems. A detailed explanation of the procedure i s  
illustrated for unsteady state distillation calculations. 

The purpose of this paper is to present a clear, concise 
discussion of the main causes of instabilities which arise 
during the numerical integration of ordinary differential 
equations on a digital computer. Ordinary differential 
equations are an integral part of chemical engineering 
calculations in such basic areas as chemcial kinetic studies, 
transient distillation, heat transfer, etc. The complexity of 
such systems vary from a single equation to a system of 
several hundred simultaneous differential equations. In 
practice, these equations are usually highly nonlinear, 
and one must resort to numerical techniques in order to 
obtain a solution. 

Two main problems arise in the numerical solution of 
differential equations, truncation error and numerical in- 

G. P. Distefano is now with Electronic Associates, Inc. Princeton, 
New Jersey. 

stability. Truncation error usually lends itself nicely to 
rigorous error analysis, and procedures are available to 
contain truncation error within some prescribed limits. 
Numerical instability, on the other hand, is more complex, 
and only in the recent literature has there been any at- 
tempt at a rigorous mathematical analysis. 

By using the numerical integration routines presently 
available, one actually approximates a differential equa- 
tion by a difference equation which is solved in a step- 
by-step or marching fashion. 

STAB I L ITY 

It is important to begin this paper with a clear defini- 
tion between convergence and stability of finite difference 
techniques. By convergence one means that the finite 
difference solution approaches the true solution as the 
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